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Conventional Weyl nodes are twofold band crossings that carry a unit monopole charge, which
can exist in condensed matter systems with the protection of translation symmetry. Unconventional
Weyl nodes are twofold/multifold band crossings carrying a quantized monopole charge larger than
one, and their existence needs the protection of additional crystalline symmetries. Studies on un-
conventional Weyl nodes are already very comprehensive, such as twofold Weyl nodes with Chern
number of C = 2/C = 3 and fourfold/sixfold Weyl nodes with C = 4. Yet in this paper, we propose a
newfound twofold unconventional Weyl node with C = 4, which can exist in any chiral cubic systems
with integer spin. Such kind of twofold quadruple Weyl node has a cubic band dispersion along [111]
direction and will evolve into a fourfold quadruple Weyl node after considering spin-orbit coupling.
In this paper, we exhaust all the possible chiral cubic space groups and corresponding k-points,
which can have twofold quadruple Weyl nodes. We also propose a series of LaIrSi-type materials
that both have twofold quadruple Weyl nodes in electronic systems and the phonon spectra.
I. INTRODUCTION
Unconventional chiral fermions[1–6] have been well
studied owing to the lack of the high-energy counterparts
and hosting intriguing physical properties, such as neg-
ative magnetoresistance due to “chiral anomaly”[7–12],
chiral zero sound[13, 14], photo induced anomalous Hall
effect[15], quantized circular photogalvanic effect[16–20],
topologically protected Fermi-arc surface states[21–26],
and so on. Because of the interesting physical prop-
erties, studies for unconventional Weyl nodes also have
been widely studied in bosonic systems in the last decade,
such as phonons[27–29], photons[3, 25], magnons[30–32],
and so on. Aside from the unconventional Weyl nodes,
an interesting one called “Kramers Weyl node”, which
can only exist in chiral crystals with time-reversal sym-
metry, also receives wide attention for its unique feature.
Kramers Weyl nodes are band crossings located at time-
reversal-invariant momenta (TRIM) and the chirality for
the same Kramers Weyl node depends on the chirality of
crystal structure[33–35]. Since Kramers Weyl nodes are
irreducible representations at TRIM, they will be more
robust to the perturbations than Weyl nodes locating
at non-TRIM and not easy to be created/annihilated in
pairs by modulating the parameters of a system. Weyl
nodes locating at non-TRIM are usually related to each
other by symmetries[24, 36–42], yet Kramers Weyl nodes
can appear alone without relating to the Weyl nodes with
opposite chirality. Thus, a pair of non-Kramers Weyl
nodes with opposite chirality will have an equal energy,
while Kramers Weyl nodes are free to have different en-
ergies. Such kind of energy offset makes Kramers Weyl
nodes to be ideal platforms for observing quantized circu-
lar photo-galvanic effect (CPGE) in electronic systems,
where the induced photo current is proportional to the
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Figure 1. Three kinds of Weyl nodes with a monopole charge
of +4 (a-c) and four kinds of twofold Weyl node with a differ-
ent Chern number (c-f). (a) Sixfold degenerated double spin-
1 Weyl node, which is a composition of two identical spin-1
Weyl nodes. (b) Fourfold degenerated spin- 3
2
Weyl node. The
Chern number for each band is +1,+3,−1,−3. (c) Newly dis-
covered quadruple Weyl node with a twofold degeneracy. The
Chern number for each band is +4,−4. (d-f) are other three
kinds of twofold Weyl nodes that can exist in crystalline ma-
terials, which are called single Weyl node, double Weyl node,
and triple Weyl node, separately.
monopole charge of the Weyl nodes[16–19].
Although researches on unconventional Weyl nodes, es-
pecially the Kramers Weyl nodes, are already very com-
prehensive, they do not exhaust all the unconventional
Weyl nodes, formed by two bands. In this paper, we ex-
pand the definition of Kramers Weyl node to both spinful
ar
X
iv
:2
00
4.
02
56
2v
1 
 [c
on
d-
ma
t.m
trl
-sc
i] 
 6 
Ap
r 2
02
0
2and spinless systems with time-reversal symmetry (T ).
A twofold Kramers Weyl node with Chern number of
±4 is proposed in this paper for the first time. Such
kind of twofold quadruple Weyl node can exist in all
chiral cubic integer-spin systems with T , and is located
at TRIM (We will explain the reasons why it has been
missed in the following text). We also propose a series
of easily synthesized material candidates that have the
twofold quadruple Weyl node in the electronic structure
and those in the phonon spectra based on first-principle
calculations. All the material candidates have a similar
structure with LaIrSi, and some of them are well-known
superconductors[43, 44].
II. QUADRUPLE WEYL NODES
A. Quadruple Weyl nodes in condensed matter
physics
The existence of unconventional Weyl nodes in con-
densed matter physics benefits from a lower symme-
try than the Poincare´ groups in high-energy physics,
which only preserves spin- 12 Weyl nodes[7–10, 36, 45].
Among space-group-allowed unconventional Weyl nodes,
the ones with a large Chern number received the most
attention. For example, unconventional chiral fermions
with Chern number of ±4, i.e., quadruple Weyl fermion,
have been widely studied in transition metal silicides[46,
47], as shown in Fig. 1 (a-b). Figure 1 (a) is a sixfold
degenerated quadruple Weyl fermion consisting of two
identical spin-1 Weyl nodes, so it is also called double
spin-1 Weyl fermion. Figure 1 (b) is a fourfold Rarita-
Schwinger-Weyl (RSW) fermion[48], having a Chern
number of +1, +3, −1, −3 for each band. The RSW
fermion is also named as spin- 32 Weyl fermion, because
its low-energy effective Hamiltonian can be written as
H = k · S, where S is the rotation generators for spin-32
particles. Figure 1 (c) is the new quadruple Weyl fermion
with twofold degeneracy, having a large Chern number
of ±4 for each band. Although the unconventional Weyl
fermions with twofold degeneracies have been studied,
previous studies have been limited to double Weyl nodes
with Chern number of ±2 and triple Weyl nodes with
Chern number of ±3, as shown in Fig. 1 (e-f), and stud-
ies on twofold degenerated quadruple Weyl nodes were
missed. To the best of our knowledge, this is the first
time for people to realize that a quadruple Weyl node
can be obtained in twofold degenerated bands, which is
also the highest Chern number that a twofold degener-
ated Weyl node can have in crystalline materials. Here
we would like to note that twofold quadruple Weyl node
can only be obtained in materials with an integer spin
and chiral cubic symmetry, i.e., the point groups T and
O with T , such as spinless electron, phonon, photon,
magnon, and so on.
B. Why missed it
Although a tremendous effort has been made in the
studies of unconventional Weyl nodes, most of them fo-
cus on multifold ones, such as threefold spin-1 Weyl
nodes[28, 49, 50], fourfold spin- 32 points[46, 47, 51], six-
fold double spin-1 Weyl nodes[46, 47, 51], eightfold dou-
ble Dirac nodes[1, 4], and so on[52]. Systematic stud-
ies on twofold unconventional Weyl nodes have also
been implemented. However, it stopped at double Weyl
nodes[53–56] and triple Weyl nodes[53–55] in the pres-
ence/absence of different rotation symmetries, T , and
SU(2) symmetry. The twofold quadruple Weyl node was
overlooked in previous works since the cubic symmetry is
not taken into consideration, so the largest Chern num-
ber of a 2-band system is ±3 in the previous studies.
In general, for a twofold Weyl node with Chern
number C=N , an example of the low-energy effec-
tive k · p model without considering additional crys-
talline symmetries can be written as: H(k) =(
Akz B(kx − iky)N
B(kx + iky)
N −Akz
)
, where A and B are real
constants. Thus, we can obtain a Weyl node with arbi-
trary Chern number if there is no restriction of crystalline
symmetries. In the previous studies, only an influence of
the rotation symmetries on the k · p model was consid-
ered, but not the cubic symmetry. Thus, a twofold dou-
ble Weyl node with Chern number of ±2 and a twofold
triple Weyl node with Chen number of ±3 were proposed
in a system with C3/C4/C6 rotation symmetry and in
systems with C3/C6 rotation symmetry, respectively, as
shown in Fig. 1 (e-f). Under the C3 rotation symmetry,
if we further take cubic symmetry into consideration, a
twofold quadruple Weyl node with Chern number of ±4
is possible, as shown in Fig. 1 (c), which will be dis-
cussed below. Since the twofold quadruple Weyl node
needs the protection of chiral cubic symmetry and T ,
their locations are restricted at Γ point for all chiral cu-
bic space groups and (pia ,
pi
a ,
pi
a ) point for only seven chiral
cubic space groups, where a is the lattice constant for
the primitive cell. Possible space groups and correspond-
ing irreducible representations required for the twofold
quadruple Weyl are listed in Tab I.
In the following, we will discuss the twofold quadruple
Weyl node in electronic systems and phononic systems
separately, based on first-principle calculations.
III. QUADRUPLE WEYL FERMIONS
A. Crystal structure and quadruple Weyl fermions
in LaIrSi-type materials
LaIrSi-type materials[43] contain 3 different kinds of
elements and 12 atoms in one primitive cell, as shown
in Fig. 2 (a), preserving space group P213 (#198).
3k-point (0,0,0) (pi
a
, pi
a
, pi
a
)
possible
space groups
#195-#199 #207-#214
#195,#197
#199
#207,#208
#211,#214
NSOC 1E2E E 1E2E E
SOC 1F 3
2
2F 3
2
F 3
2
1F 3
2
2F 3
2
F 3
2
Table I. Irreducible representations for twofold quadruple
Weyl nodes in spinless systems, and the corresponding irre-
ducible representation after considering SOC. a is the lattice
constant for the primitive cell.
Generators for LaIrSi-type materials are {C0012 | 120 12},{C0102 |0 12 12} and C1113 . Brillouin zone (BZ) and the
surface BZ along [001] direction for LaIrSi-type mate-
rials are shown in Fig. 2 (b). In our work, we explore
LaIrSi-type materials including LaIrSi, LaRhSi, CaPtSi,
XPdSi, XIrP, XPtSi, XPtGe (X=Sr, Ba), which have
quadruple Weyl nodes in both the electronic structure
and the phonon spectra. In this section, we will focus
on the quadruple Weyl fermions in LaIrSi-type materials
and the evolution before and after considering spin-orbit
coupling (SOC). All LaIrSi-type materials have a twofold
degenerated quadruple Weyl node near the Fermi energy
in the absence of SOC and a 4-fold degenerated quadru-
ple Weyl after considering SOC in the electronic struc-
ture. Quadruple Weyl fermions in LaIrSi-type materials
are contributed by the eg orbits from the lanthanide or
transition-metal element. Near the Fermi energy, elec-
tronic bands are mainly contributed by unconventional
Weyl fermions in both the absence and presence of SOC,
so physical properties related to unconventional excita-
tions are very likely to be observed. After calculations
based on density functional theory (DFT)[57], we found
that topological properties in all the LaIrSi-type mate-
rials are the same. Therefore in the following, we will
pick up one material, i.e., BaIrP, for further discussion.
Electronic structure for other LaIrSi-type materials are
listed in the supplementary.
B. Chiral fermions in BaIrP without SOC
In the absence of SOC, the twofold degeneracy node
in BaIrP at Γ point is a quadruple Weyl node W1 with a
monopole charge of −4 for the valence band. As shown in
Fig. 3 (a), the blue line is the valence band and the red
line is the conduction band. Another degenerated node
between the valence band and conduction band along Γ-
R direction is a spin- 12 Weyl node W2 with a monopole
charge of −1, as shown in Fig. 3 (b). Here, we would like
to note that there are 8 W2 Weyl nodes in the BZ due
a
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Figure 2. Crystal structure and Weyl nodes for BaIrP. (a)
Crystal structure for BaIrP, which is one of the LaIrSi-type
materials. (b) Brillouin zone and surface Brillouin zone for
BaIrP along [001] direction. (c) Positions of Weyl nodes for
BaIrP both in the absence and in the presence of SOC. Posi-
tions for the Weyl nodes are accidentally quite close between
the cases with and without SOC. Green circles are Weyl nodes
W1 (W
′
1) along the C3 preserved diagonal lines with a nega-
tive monopole charge in the spinless (spinful) case. Red cir-
cles/dots on the kx,y,z = 0 plane are Weyl nodes W2 (W
′
2)
with a positive monopole charge without (with) SOC. The
black dot represents the quadruple Weyl W1 (W
′
1) without
(with) SOC.
to the symmetries of BaIrP, and their positions are listed
in Tab. II and marked by green circles in Fig. 2 (c). The
sum of the monopole charge for Weyl nodes W1 and W2
are −12, which means that there should be several Weyl
nodes with a total monopole charge of +12 according to
the no-go theorem[58]. After a numerical calculation, we
find that there are 12 spin- 12 Weyl nodes W3, each of
them carries a monopole charge of +1. Those 12 spin-
1
2 Weyl nodes are distributed on the kx,y,z=0 planes as
listed in Tab. II and marked by the red circles in Fig. 2
(c). Figure 2 (c) also shows the approximate positions for
Weyl nodes on the surface BZ along [001] direction, where
the green dots represent the Weyl nodes with a negative
monopole charge and the red dots represent the Weyl
nodes with a positive monopole charge. In the spinless
case, the black dot at Γ/Γ¯ is the quadruple Weyl node
with a monopole charge of −4.
C. Chiral fermions in BaIrP with SOC
After considering SOC, the spin- 12 Weyl node W2 will
evolve into a quadratic double Weyl node W ′2, which is a
twofold double Weyl node with a Chern number of ±2 for
each band, due to the presence of C3 rotation symmetry
along Γ-R direction and T . Therefore the sum monopole
charge contributed by the Weyl node W ′2 will be −16,
instead of −8 in the spinless case. However, every spin- 12
4Positions ( 2pi
a
) W1 (W
′
1) W2 (W
′
2) W3 (W
′
3)
Monopole charge −4 (+4) −1 (−2) +1 (+1)
NSOC (0,0,0)
± (0.318,0.318,0.318) ± (-0.318,-0.318,0.318)
± (-0.318,0.318,-0.318) ± (0.318,-0.318,-0.318)
± (0.179,0.244,0) ± (0,0.179,0.244) ± (0.244,0,0.179)
± (0,-0.179,0.244) ± (0.179,-0.244,0) ± (-0.244,0,0.179)
SOC (0,0,0)
± (0.277,0.277,0.277) ± (-0.277,-0.277,0.277)
± (-0.277,0.277,-0.277) ± (0.277,-0.277,-0.277)
± (0.174,0.3,0) ± (0,0.174,0.3) ± (0.3,0,0.174)
± (0,-0.174,0.3) ± (-0.3,0,0.174) ± (0.174,-0.3,0)
Table II. Positions for the Weyl nodes W1 (W
′
1), W2 (W
′
2), and W3 (W
′
3) in BaIrP without (with) considering spin-orbit coupling,
where a is the lattice constant.
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Figure 3. Band structure of BaIrP with and without SOC.
(a) is the quadruple Weyl node and (b) is the spin- 1
2
Weyl
node in BaIrP without SOC. (c) is the spin- 3
2
Weyl node and
(d) is the twofold double Weyl node with a Chern number of
−2 in BaIrP with SOC. (e-f) Bulk bands for BaIrP without
and with SOC.
Weyl node W3 will split into two spin-
1
2 Weyl nodes (W
′
3
and W ′′3 ) due to lack of rotation symmetry at the W3
point, and they will contribute a total monopole charge
of +24. Among those 24 Weyl nodes, 12 of them (W ′3)
will be located around their original positions, and the
other 12 Weyl nodes W ′′3 will move close to Γ point when
SOC is gradually turned on, and will be annihilated with
12 Weyl nodes W ′′1 coming from Γ point. What happens
to the quadruple Weyl node W1 is the most interesting
one. The quadruple Weyl W1 is expected to have a total
monopole charge of −8 after considering SOC. Never-
theless, our calculation shows that the eg orbitals form-
ing the twofold quadruple Weyl node will evolve into a
spin- 32 Weyl node with a monopole charge of +4. Thus,
the monopole charge for the Weyl node W1 at Γ point
changes both the chirality and value after considering
SOC, and we will explore this puzzle in the next sec-
Figure 4. (a-b) Fermi arcs for BaIrP in the absence and
in the presence of spin-orbit coupling, and both of them are
calculated at -0.16eV along [001] direction. (c-d) are the cal-
culated surface states along a closed loop K1-K2-K3-K4-K1
and K′1-K
′
2-K
′
3-K
′
4-K
′
1, which are marked in white lines in (a-
b).
tion. Figure 2 (c) also shows the approximate positions
for Weyl nodes after considering SOC both in the bulk
BZ and in the surface BZ along [001] direction. In the
spinful case, the black dot at Γ/Γ¯ is the spin- 32 Weyl node
with a monopole charge of +4.
D. Surface states for Chiral fermions in BaIrP
An open Fermi arc is one of the unique features of
Weyl semimetals, and the ends of the arcs are pinned
to the projection of Weyl nodes from the bulk. To fig-
ure out the Fermi arc configuration for the quadruple
5Figure 5. (a-e) are the band structures of BaIrP along X-Γ-kw direction by DFT calculations with different magnitudes of
SOC, where kw is the momentum of Weyl node W
′′
1 generated from the quadruple Weyl node at Γ. (f) is the band structure
obtained from the k · p model by considering different magnitudes of SOC, i.e., different values of λ. (g-j) are calculations of
Fermi arcs at 0.16eV along [001] direction, for different values of SOC. Once SOC is turned on, twofold quadruple Weyl node
W1 at Γ point will evolve into a fourfold quadruple Weyl node W
′
1 with 12 Weyl nodes W
′′
1 around, and 12 Weyl nodes W3 will
evolve into 12 Weyl nodes W ′3 and 12 Weyl nodes W
′′
3 . As the value of SOC increases, the Weyl nodes W
′′
1 and W
′′
3 will move
close to each other, which are labelled by arrows in (g-i), and are annihilated with each other when SOC is 50% of the original
value.
Weyl fermions, we calculated the surface local density of
states (LDOS), which is the imaginary part of surface
Green’s function[59, 60], along [001] direction. Figure 4
(a-b) are the LDOS at -0.16eV along [001] direction with-
out/with SOC.
On the [001] surface, T and the in-plane translation
symmetry are the only symmetries left. In the spinless
case, the quadruple Weyl W1 node at Γ point will be pro-
jected to Γ¯, and the Weyl node W2 along Γ-R direction
will be projected to Γ¯-M¯ direction, as shown in Fig. 4 (a).
The Weyl nodes W3 will be projected to different posi-
tions on the surface BZ, but around the quadruple Weyl
node at Γ¯. According to the bulk-boundary correspon-
dence, there will be four Fermi arcs coming out from the
quadruple Weyl node at Γ¯, and connected to the Weyl
nodes with different chirality, as shown in Fig. 4 (a). Af-
ter taking SOC into consideration, the twofold quadruple
Weyl W1 at Γ¯ will evolve into a fourfold quadruple Weyl
node W ′1, and its monopole charge changes to positive
at the same time. As shown in Fig. 4 (b), all the Fermi
arcs are coming from the fourfold quadruple Weyl node
W ′1 and the Weyl node W
′
3, connecting to the quadratic
double Weyl node along Γ¯-M¯ direction.
In order to show the relationship between the nonzero
Chern number and the number of Fermi arcs, we calcu-
late the surface states along a clockwise loop surrounding
Γ¯, both in the spinless case and in the spinful case. Sur-
face states shown in Fig. 4 (c) are along the loop K1-K2-
K3-K4-K1, which surrounds only the twofold quadruple
Weyl node W1, as marked in Fig. 4 (a). Thus, there are
four surface states connecting from the conduction band
to the valence band, which demonstrate the existence of
the quadruple Weyl node with a Chern number of −4.
Surface states shown in Fig. 4 (d) are along a larger loop
K′1-K
′
2-K
′
3-K
′
4-K
′
1, which includes the fourfold quadruple
Weyl node W ′1 and the four Weyl node W
′
3, as shown in
Fig. 4 (b). Thus, there are eight surface states connect-
ing from the valence band to the conduction band, which
demonstrates a C=+8 spectral flow.
E. Evolution for Quadruple Weyl fermions
As we discussed above, both the value of monopole
charge and the chirality of the quadruple Weyl node W1
have changed after considering SOC. To figure out the in-
fluence of SOC in this process, we gradually increase the
value of SOC in the DFT calculation. Figure 5 (a) shows
the dispersion of BaIrP along X-Γ-kw direction with the
twofold quadruple Weyl node without SOC, where kw
6is the position for the Weyl node W ′′1 generated from Γ
point. After turning on the SOC, we find that the twofold
quadruple Weyl carrying a monopole charge of −4 will
become a fourfold one carrying a monopole charge of +4,
and generate 12 spin- 12 Weyl fermions W
′′
1 carrying a
monopole charge of −1. When the value of SOC becomes
larger, the spin- 12 Weyl node W
′′
1 will move far from Γ
point and be annihilated with 12 spin- 12 Weyl node W
′′
3
when the value of SOC is 50% of the original one.
In order to have a better understanding for this pro-
cess, we also calculated the Fermi arcs along [001] di-
rection with different strength of SOC, which are shown
in Fig. 5 (g-j). Figure 5 (g) shows the Fermi arcs with
10% of the original SOC, where the Weyl node W3 will
be doubled into W ′3 and W
′′
3 with a monopole charge of
+1 for each node, and the twofold quadruple Weyl node
W1 with a monopole charge of −4 will evolve into a four-
fold quadruple Weyl node W ′1 with a monopole charge
of +4 and 12 Weyl node W ′′1 around with a monopole
charge of −1 for each node. When the strength of SOC
become larger, the Weyl nodes W ′′1 and W
′′
3 with differ-
ent monopole charge will move closer to each other along
the directions marked by the arrows, and be annihilated
when the value of SOC is 50% of the original one.
F. k · p analysis for Quadruple Weyl fermions
In the absence of SOC, the low-energy ef-
fective k · p model for the spin-up electrons is
a two-dimensional Hamiltonian: Hnsoc(k) =
−
 Akxkykz B(k2x + ωk2y + ω2k2z)
B(k2x + ω
2k2y + ωk
2
z) −Akxkykz
, where
ω=e−
2pii
3 , and A and B are real constants. Details
for the derived process are in the supplementary.
The twofold degenerated quadruple Weyl node has a
monopole charge of −4, which is the largest monopole
charge that a twofold degenerated Weyl can have in
crystalline materials. It has a k3 dispersion along the
[111] direction and k2 dispersion along other directions.
Such kind of high-order terms in the dispersion will lead
to a larger density of states than other unconventional
Weyl fermions, which always have a linear term in k and
contributes less topological carriers.
After considering SOC, the k · p model at Γ is derived
up to the linear order in k as:
Hsoc(k) =

ckz ck− (a− ib)ω2kz (a− ib)(kx − iωky)
ck+ −ckz (a− ib)(kx + iωky) −(a− ib)ω2kz
(a+ ib)ωkz (a+ ib)(kx − iω2ky) ckz ck−
(a+ ib)(kx + iω
2ky) −(a+ ib)ωkz ck+ −ckz

,
where a, b and c are real constants, with the details given
in the supplementary. This Hamiltonian Hsoc represents
the SOC itself, because in the absence of SOC, the k · p
Hamiltonian up to the linear order in k is zero. Therefore,
in order to study the influence of SOC on the quadruple
Weyl fermions, we can mix Hnsoc and Hsoc with a param-
eter λ, like H(k) = Hnsoc(k) ⊗ σ0 + λ · Hsoc(k). When
λ=0, H(k) corresponds to a double twofold quadruple
Weyl node W1 with a total monopole charge of −8. Af-
ter increasing the value of λ, H(k) will have a fourfold
quadruple Weyl node W ′1 with a monopole charge of +4
and 12 spin- 12 Weyl nodes W
′′
1 carrying a monopole charge
of −1 around. Figure 5 (f) shows the band structure of
H(k) with A = B = 1, a=−
√
3
2 , b=
1
2 and c=
3
8 . The
12 spin- 12 Weyl nodes W
′′
1 will move far from Γ when the
value of λ increases, which matches the DFT calculations
very well.
G. Discussions on physical properties of quadruple
Weyl fermions
Quadruple Weyl fermions in BaIrP are also Kramers
Weyl fermions, which means that a k·IN×N term is
forbidden by time-reversal symmetry, where IN×N rep-
resents a N -dimensional identical matrix. Thus, the
quadruple Weyl fermion in BaIrP can not be a type-II
Weyl fermion in the vicinity of Γ point. Since Kramers
Weyl nodes are irreducible representations at TRIM,
they cannot be created/annihilated by perturbations, un-
less the order of irreducible representations at TRIM
changes. Furthermore, unconventional Kramers Weyl
nodes cannot split into conventional Weyl points by per-
turbations due to the symmetries in the vicinity of TRIM,
although it is allowed by charge conservation. From the
nature of Kramers Weyl fermion, quadruple Weyl node
W1(W
′
1) is robust and not related to the other Weyl nodes
in BaIrP, which means that the quadruple Weyl node in
7Figure 6. (a) Crystal structure for BaPtGe. (b) Bril-
louin zone for BaPtGe. (c) Distribution for Weyl nodes in
the bulk and surface Brillouin zone. (d) Phonon spectra for
BaPtGe. (e) Surface arc for the twofold quadruple Weyl
node at 1.46THz. (f) Calculated dynamic structural factor
for phonons along X-Γ-X, crossing the first and second Bril-
louin zone, where the unit for the momentum is pi/a.
BaIrP will have a different energy with other Weyl nodes.
Since the CPGE induced current is proportional to the
monopole charge of the Weyl node and the applied opti-
cal intensity, the energy offset and large Chern number
for the Weyl node make BaIrP and other LaIrSi-type ma-
terials ideal platforms to obtain quantized CPGE with a
Chern number of ±4.
Here we would like to note that, the chirality for the
quadruple Weyl in LaIrSi-type materials will be changed
when the chirality of crystal changes, and so is the chi-
rality of the circularly polarized light in CPGE. Thus,
the CPGE effect can help to obtain the chiral properties
both for crystal structures and for Weyl nodes.
IV. QUADRUPLE WEYL PHONONS
As we discussed above, quadruple Weyl nodes can be
obtained in systems preserving both chiral cubic sym-
metry and T , such as LaIrSi-type materials. However,
not like in electronic systems where 3 kinds of quadruple
Weyl nodes can exist, there is only one kind of quadru-
ple Weyl node in phonon spectra, i.e., twofold quadruple
Weyl node. In the following, we will take BaPtGe as an
example to discuss the quadruple Weyl nodes.
A. Quadruple Weyl nodes in BaPtGe
BaPtGe also belongs to LaIrSi-type materials, with
space group of #198, and the crystal structure is shown
in Fig. 6 (a). Figure 6 (d) shows the phonon spectra
for BaPtGe, where the 4th band and 5th band form a
quadruple Weyl node at Γ point, with Chern number of
C = +4. Like the spinless case in BaIrP, there are also
8 single Weyl nodes W2 with Chern number of C = +1
along the diagonal high-symmetry Γ − R lines, and 12
single Weyl nodes W3 with Chern number of C = −1
located on the kx,y,z=0 planes, as shown in Fig. 6 (c).
Positions for those three kinds of Weyl nodes are listed
in Tab. III.
To figure out the surface arcs connection between the
quadruple Weyl node and single Weyl nodes, we cal-
culated the LDOS at 1.46THz along [001] direction, as
shown in Fig. 6 (e). Due to the surface-bulk correspon-
dence, there are 4 surface arcs coming from the quadruple
Weyl node W1 at Γ point, and connecting to the Weyl
nodes W3. Because T and the in-plane translation sym-
metry are the only symmetries left on the [001] surface,
the surface arcs are related by T symmetry.
B. Dynamical structural factor
In addition to the nontrivial surface arcs, directly prob-
ing on the bulk bands can also help to demonstrate the
existence of quadruple Weyl nodes in the phonon spectra.
For example, in the measurements of neutron scatter-
ing and inelastic X-ray scattering (IXS), the intensity of
phonon dynamic structure factor (DSF) highly depends
on the vibrational mode and momentum transfer. Thus,
intensity for the bands composing the quadruple Weyl
node will be different at different momenta. Moreover,
the intensity will also be different at the same momenta
in the different BZ.
Figure 6 (f) is the DSF calculation simulating IXS mea-
surements along X-Γ-X direction, which extends over two
BZ. Although the phonon dispersions are the same along
X (1.5,0,0)-Γ (2,0,0) and Γ (2,0,0)-X (2.5,0,0) direction,
which has a large splitting between the two bands form-
ing the quadruple Weyl node, the DSF is highly different
due to the different momentum transfer. Thus, by de-
tecting the DSF at different momenta, we can directly
trace out the topological nature of quadruple Weyl node
in BaPtGe.
8Figure 7. (a-c) Pseudospin structure for twofold Weyl nodes
with Chern number of +1,+2,+3 on a sphere. Here, we use
the Hamiltonian in Sec.II B with N = 1, 2, 3 as an exam-
ple. (d) Pseudospin structure for a twofold quadruple Weyl
node with Chern number of +4 on a sphere. Here, we use
the Hamiltonian Hnsoc in Sec.III F. (e) Sˆz component for
twofold quadruple Weyl node at eight momenta along diag-
onal lines. (f) Pseudospin on a half sphere along diagonal
direction, which contributes a half wrapping number. Four
insets in the upper right of (a-d) are the top view of pseu-
dospin structures on the circle located at kz = 0 plane, and
the inset in (f) is the side view along [111] direction. The
pseudospin wraps the unit sphere differently for systems with
different Chern numbers.
C. Pseudospin for quadruple Weyl nodes
As a spin-0 particle, phonons do not possess any spin
properties. However, we can study the relationship be-
tween the pseudospin texture and the Chern number for
Weyl nodes by using the low-energy effective k · p model
H2×2(k) = fi=x,y,z(k) · σi=x,y,z, where σi is the Pauli
matrix and the parameters f(k) determine not only the
Chern number, but also the pseudospin texture. Here,
we define a pseudospin to be Sˆi ≡ fi(k)|fi(k)| , and it is
in fact an expectation value of σi for the upper band:
Sˆi =< ψupper|σi|ψupper >, where ψupper denotes the
wavefunction for the upper band forming the Weyl node.
For example, Figure 7 (a) shows the pseudospin config-
uration for a spin- 12 Weyl node. When there is a gap
everywhere on the sphere enclosing the Weyl node, the
way that the pseudospin wrapping the sphere defines a
wrapping number M .
The wrapping number is defined by an integral M =
1
8pi
´
S
Sˆ · ( ∂Sˆ∂ki × ∂Sˆ∂kj ) · ijknˆkdSk over a closed surface en-
closing the Weyl node, and dSk denotes the surface ele-
ment. This is an integer topological index characterizing
a mapping from the two-dimensional closed surface S to
the pseudospin Sˆ taking a value on a unit sphere. Thus,
this wrapping number M represents how many times the
pseudospin sweeps out the sphere. In fact, this wrapping
number for the pseudospin is equal to the Chern num-
ber, i.e., M = C. Therefore, for Weyl nodes with Chern
number C = ±1, pseudospin Sˆ will take every value once
on the sphere, as shown in Fig. 7 (a). For other twofold
degenerated Kramers Weyl nodes with Chern number of
±2, ±3, and ±4, the pseudospin will cover the Weyl node
twice, three and four times, as shown in Fig. 7 (b-d). In
order to show the wrapping process for the pseudospin
texture more clearly, we calculated the pseudospin tex-
ture on a circle located at kz = 0 plane for each system.
As shown in the upper-right insets of Fig. 7 (a-d), pseu-
dospin texture on the circle wraps differently in systems
carrying a different Chern number.
Since pseudospin around the twofold quadruple Weyl
node proposed in our paper wraps the unit sphere four
times in a complex way, as shown in Fig. 7 (d), we
will offer an intuitive perspective to understand it. Ac-
cording to the Hamiltonian Hnsoc in Sec.III F, pseu-
dospin components are Sˆx = (k
2
z − 12 (k2x + k2y))/|fx(k)|,
Sˆy =
√
3
2 (k
2
x− k2y)/|fy(k)| and Sˆz = kxkykz/|fz(k)|. Due
to the existence of C3 rotation in chiral cubic systems,
Sˆx and Sˆy will be zero along four diagonal directions,
leaving the pseudospin component Sˆz pointing at out-of-
plane ±kz direction, as shown in Fig. 7 (e). However,
when k is small enough, and away from four diagonal
lines, Sˆx and Sˆy components will contributes more than
Sˆz component, and makes the pseudospin lies in the kxky-
plane. Thus, contribution to the wrapping number from
the vicinity of the eight points along diagonal directions
will depend on two parameters according to the defini-
tion formula, i.e., the sign of Sˆz component at the eight
points and the wrapping phase θ (= ±2pi) of pseudospin
(Sˆx, Sˆy) nearby. Those two parameters are similar with
vorticity and helicity of skyrmions, which are needed to
define the skyrmion wrapping number[61–63]. The sign
of kxkykz determines the sign of pseudospin component
Sˆz at k being in the diagonal directions, as labeled in
Fig. 7 (e), which has a positive sign at the (k, k, k) mo-
mentum with k > 0. Pseudospin on the circle perpen-
dicular to the [111] direction are shown in the inset of
Fig. 7 (f), which has a 2pi wrapping phase. Thus, the
9Positions (2pi/a) W1 W2 W3
Monopole charge +4 +1 −1
Positions (0,0,0)
± (0.1824,0.1824,0.1824) ± (-0.1824,-0.1824,0.1824)
± (-0.1824,0.1824,-0.1824) ± (0.1824,-0.1824,-0.1824)
± (0.21,0.235,0) ± (0,0.21,0.235) ± (0.235,0,0.21)
± (0,-0.21,0.235) ± (0.21,-0.235,0) ± (-0.235,0,0.21)
Table III. Positions for the Weyl nodes W1, W2, and W3 in BaPtGe, where a is the lattice constant.
pseudospin around the (k, k, k) momentum contributes
to a 12 wrapping number. Namely, the contribution from
the vicinity of a point in the diagonal direction is given
by Sˆz · θ2pi · 12 (=± 12 ). In the vicinity of the (−k,−k,−k)
momentum, although the sign of pseudospin component
Sˆz is negative, pseudospin on the circle perpendicular
to the [1¯1¯1¯] direction will have a −2pi wrapping phase,
which will also contribute a 12 wrapping number. Due
to the existence of C2x,2y,2z rotation symmetry in chiral
cubic crystals, other six momenta along diagonal direc-
tions will also contribute a 12 wrapping number. Thus,
the wrapping number in this system will be +4 in total.
V. METHODS
All the band structures are implemented in Vienna ab
initio package (VASP)[64–67] within the Perdew-Berke-
Ernzerhof (PBE) exchange correlation[57]. For the elec-
tronic structure calculations, a k-point mesh of 7× 7× 7
is used in the self-consistent calculation, and the cut-off
energy for the plane-wave basis is 450 eV. WANNIER90
package[68] is used for calculating the Wannier function
based numerical tight-binding Hamiltonian, which is used
for surface states and Fermi arcs calculations. For the
phonon spectra calculation, density functional perturba-
tion theory is used after a crystal structure relaxation
with a condition that residual force on each atom is less
than 0.01 eVA˚−1. Chern numbers are calculated by the
Wilson-loop method[69, 70], and the crystal structures
are obtained from inorganic crystal structure database
(ICSD)[71].
VI. CONCLUSION
We proposed a new kind of unconventional Kramers
Weyl node, i.e., twofold degenerated quadruple Weyl
node with Chern number of ±4 for each band that has
been missed in the previous studies. A series of LaIrSi-
type materials are proposed in our paper that have such
kind of twofold quadruple Weyl node in the spinless elec-
tronic band structure and phonon spectra. After consid-
ering SOC, the twofold quadruple Weyl node will evolve
into a fourfold quadruple Weyl node with several spin-
1
2 Weyl nodes around. As a member of Kramers Weyl
fermions, the twofold degenerated quadruple Weyl node
also preserves exotic transport and optical phenomena,
among which we would like to note that LaIrSi-type ma-
terials are ideal candidates for quantized circular photo-
galvanic effect. This is because in LaIrSi-type materials,
the Kramers Weyl node has a large monopole charge and
there is a big energy offset between the Weyl nodes with
different chirality[16, 72]. In the discussion of quadruple
Weyl phonon, we also discuss the relationship between
the monopole charge and pseudospin wrapping number
for Weyl nodes with different Chern numbers. Among
them, the twofold quadruple Weyl node has an exotic
pseudospin texture, and we offered a new and intuitive
way to understand it.
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SUPPLEMENTARY: ELECTRONIC BANDS FOR
OTHER LAIRSI-TYPE MATERIALS
Figure 8 and 9 show the band structure of other 10 ma-
terials for LaIrSi family. They all have a 2-band quadru-
ple Weyl at Γ point when the spin-orbit coupling(SOC) is
ignored, and 4-band quadruple Weyl when SOC is taken
into consideration. All the materials in LaIrSi family are
filling-enforced semimetals, which means that there will
alway be a quadruple Weyl near the Fermi level regard-
less of the calculation methods.
SUPPLEMENTARY: k · p MODEL
To explore the topological nature of quadruple Weyl
Fermions and the change of chirality after considering
SOC, we build the low-energy effective k · p mode for
further analysis. Generators for #198 are:
C2x =

1 0 0 12
0 −1 0 12
0 0 −1 0
,
C2z =

1 0 0 12
0 −1 0 0
0 0 −1 12
,
and C3−
1¯11¯
=

0 −1 0 12
0 0 −1 0
1 0 0 12
.
In the absence of SOC, the k · p model is a two-
dimensional one. The irreducible representation matrix
for time-reversal symmetry is T =σxK, and that for all
the generators are:
C2x =
1 0
0 1
,
C2z =
1 0
0 1
,
C3−
1¯11¯
=
e− i2pi3 0
0 e
i2pi
3

So low-energy effective model at
Γ point will be: Hnsoc(k) =
−
 Akxkykz B(k2x + ωk2y + ω2k2z)
B(k2x + ω
2k2y + ωk
2
z) −Akxkykz
, where
ω=e−
2pii
3 , A and B are real numbers.
After considering SOC, the irreducible representation
matrix for time-reversal symmetry will be T = −σx ⊗
σyK, and that for the generators are:
C2x =

0 −i 0 0
−i 0 0 0
0 0 0 −i
0 0 −i 0

,
C2z =

−i 0 0 0
0 i 0 0
0 0 −i 0
0 0 0 i

,
C3−
1¯11¯
=

e−i
11pi
12 e−i
11pi
12 0 0
ei
7pi
12 e−i
5pi
12 0 0
0 0 ei
5pi
12 ei
5pi
12
0 0 e−i
1pi
12 ei
11pi
12

/
√
2,
So the k · p model at Γ point is:
Hsoc(k) =

ckz ck− (a− ib)ω2kz (a− ib)(kx − iωky)
ck+ −ckz (a− ib)(kx + iωky) −(a− ib)ω2kz
(a+ ib)ωkz (a+ ib)(kx − iω2ky) ckz ck−
(a+ ib)(kx + iω
2ky) −(a+ ib)ωkz ck+ −ckz

which corresponds to a spin- 32 Weyl node with a monopole charge of +4. Parameters a, b and c are real
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Figure 8. Band structures for the other 10 materials in LaIrSi-type family in the absence of spin-orbit coupling.
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Figure 9. Band structures for the other 10 materials in LaIrSi-type family in the presence of spin-orbit coupling.
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